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1. Introduction 

1.1. Statement of the main result. In this paper, we will prove a priori bounds for 
infinitely renormalizable quadratic polynomials of bounded primitive type. Let us begin 
with recalling some basic definitions of the holomorphic renormalization theory. Most of 
them can be found in any source on the subject, see jL3lOlMcMT| . 



A quadratic polynomial /: z 



+ c is called primitively renormalizable with period p 



if there exist topological disks V D U 3 such that f p : U — * V is a quadratic-like map 
with connected Julia set, and the domains f n U, n = 0, 1, . . . ,p — 1 are pairwise disjoint. 
This quadratic-like map is called a renormalization of /. If there is an infinite sequence of 
periods po < p\ < . . . such that / is primitively pfc-renormalizable then / is called infinitely 
primitively renormalizable. If additionally, there exists a B such that pk+i/pk < B, k = 
0, 1, ... , then / is called infinitely primitively renormalizable of bounded type. Such a map 
has a priori bounds if there exists an e > and a sequence of quadratic-like renormalizations 
f Pk : U k -> V k such that mod(V k s U k ) > e. 



Main Theorem. Let f be an infinitely primitively renormalizable quadratic polynomial of 
bounded type. Then f has a priori bounds. 
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In the forthcoming notes |KL2j . we will prove a priori bounds for a class of infinitely 
renormalizable maps of unbounded type. 

For real quadratics of bounded type a priori bounds were proved by Sullivan jSj, see also 
\LS[ ILY| IMSj . They were also proved for a class of complex combinatorics of "high bounded 
type" |EH. 

1.2. Consequences. A priori bounds have numerous consequences. Let us list some of them 
(below f c : c i— > z 2 + c stands for an infinitely primitively renormalizable quadratic polynomial 
of bounded type): 

• The Mandelbrot set is locally connected at c, or equivalently, the polynomial f c is combi- 
natorially rigid (see |Llj ). The conjecture of local connectivity of the Mandelbrot set (the 
MLC Conjecture) formulated about 20 years ago by Douady and Hubbard (see |DHlj ) is a 
central open problem in holomorphic dynamics. Previously, it was established for all qua- 
dratic maps which are not infinitely renormalizable (Yoccoz, see jHj) and for the class of 
infinitely renormalizable maps of high type mentioned above (see jLlj ). 

• The Julia set J(f c ) is locally connected (see |HJ| 

• The Feigenbaum-Coullet-Tresser Renormalization Conjecture is valid for primitive com- 
binatorics. This conjecture was established in the work of Sullivan 0, McMullen |McM2| 
and Lyubich |L2j assuming a priori bounds (and thus, unconditionally, for real maps). Now, 
these results become unconditional for arbitrary primitive combinatorics. 

• Universality and Hairiness of the Mandelbrot set at c. These properties were conjectured 
by Milnor jMj and proved in |L2| for maps with a priori bounds. 

• The Basic Trichotomy for the measure and Hausdorff dimension of the Julia set J(f c ) 
which was established in |ALj for maps with a priori bounds. 

1.3. Outline of the proof. We will now give a brief top-down outline of the proof of the 
Main Theorem. 

General strategy: improving of the lengths of the hyperbolic geodesies (§8). Let K n be the 
filled Julia set of the renormalization f Pn : U n — > V n , let 

Pre— i 

K n = |J f(K n ), 

i=0 

and let 7 n be the peripheral hyperbolic geodesic in V \/C n going around K n . A priori bounds 
are equivalent to the assertion that the hyperbolic length of the 7 n is bounded. Our strategy 
towards this end is to show that if the length of some 7„ gets long then it was even longer 
before: There exist M > and I > such that 

| 7n | > M =^ |7n-«| > 2M. 

Pseudo-quadratic-like maps and canonical renormalization (§2). To carry this strategy 
out, we need a notion of renormalization that respects hyperbolic geometry. To this end we 
introduce a class of pseudo-quadratic like maps and construct the canonical renormalizations 
f n : U„ — > V n in this class. These renormalizations share the Julia set with the usual 
quadratic-like renormalizations and have the property that the length of the closed hyperbolic 
geodesic in the annulus V„ \ K n is equal to the hyperbolic length of j n . Then the above 
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strategy boils down to showing that for an infinitely renormalizable pseudo-quadratic-like 
map f of bounded type, there exist M > and I > such that 

| 7 ,| > M |7o| > 2M. 

Canonical weighted arc diagrams. We then pass from the hyperbolic geometry to the 
world of extremal length. Using thin-thick decomposition of the Riemann surface V \ /Q, 
we estimate | 7 f| as the sum of extremal widths of thin rectangles crossed by 7 n (§7). 

The widths of all thin rectangles that appear in the decomposition can be organized into 
the canonical weighted arc diagram 

where a are arcs 1 in V \ JCi represented by the heights of the thin rectangles and W(a) are 
their widths. The canonical WAD's possess good functorial properties that are described 
in §3. The most subtle of these properties is the domination relation — o that encodes the 
parallel and series laws for extremal length. 

Vertical vs horizontal. The canonical weighted arc diagram can be decomposed into the 
vertical and horizontal parts, W^ an and W^ an . The former is composed of the arcs that connect 
the little Julia sets to the boundary of V; the latter is composed of the arcs connecting the 
little Julia sets. We notice that if ||W /v ||i is not too small compared with ||M^ h ||i, then the 
desired improvement of the hyperbolic length follows (§8). 

Restrictions of the canonical WAD's and the entropy argument. We consider the nest 
of the domains U m , pullbacks of the V under the iterates of f, and restrict the canonical 
WAD to these domains. Let X m stand for the horizontal parts of these restrictions (with 
appropriate constants subtracted). We show that f*X m — o X m+1 . This allows as to conclude 
that eventually the diagrams X n are aligned with the Hubbard tree (§4) and that 

\\W* n \U m \\ < \\\WLl where m = 0( Pl ), 

(§5). The latter property depends on the positivity of entropy of the Hubbard tree dynamics: 
this is the main place where we use that the renormalizations are of primitive type. 

Push-forward via the Covering Lemma (§6). The horizontal width released under restric- 
tions is turned into the vertical width, which implies 

W:j\J m \\i > l -\\W*J\J m \\ u where m = 0(p,), 

for the restricted diagrams. To go back to the original diagrams, we push forward the 
restricted diagram by f Pl using the Covering Lemma of |KLlj . This completes the proof. 

1.4. Terminology and Notation. We let: 
N = {1, 2, . . . } be the set of natural numbers; Z> = N U {0}; 
D = {z : \z\ < 1} be the unit disk, T r = {z : \z\ = r}, T = Ti; 
A(r, R) = {z : r < \z\ < R}. 

A topological disk means a simply connected domain in some Riemann surface S. We will 
say a subset K of C is an FJ-set ("filled Julia set") if K is compact, connected, and full. 

1 An arc is a non-trivial homotopy class of properly embedded paths. 

3 



1.5. Acknowledgment. This paper was written in collaboration with Mikhail Lyubich fol- 
lowing the mathematical work of the author. The primary result for this paper will be 
combined with the main result of a subsequent paper of Mikhail Lyubich and the author to 
form one result that is the goal of the series of papers of which this paper is the first. 

This work has been partially supported by the Clay Mathematics Institute and the Simons 
Foundation. Part of it was done during the author's visit to the IMS at Stony Brook and the 
Fields Institute in Toronto. The author is thankful to these Institutions and Foundations. 



2. Pseudo-quadratic-like maps and canonical renormalization 

2.1. Quadratic- like maps and their renormalizations. For the basic theory of 
quadratic-like maps, see |DH2j . 

A quadratic-like map is a double branched covering / : U — > V, where U and V are 
topological disc in C, and U <e V ^ C. Such a map has a unique critical point, which will 
be placed at the origin. The filled Julia set K(f) is the set of non-escaping points: 

K(f) = {z:f n zeU, n = 0,l,...}. 

It is either connected or a Cantor set depending on whether G K(f) or not. (In what 
follows, we will often skip "filled", since we will never deal with the actual "Julia sets".) 

Two quadratic-like maps are called hybrid equivalent if they are quasi-conformally con- 
jugate by a map h with dh = a.e. on K(f). The Douady and Hubbard Straightening 
Theorem asserts that any quadratic-like map with connected Julia set is hybrid equivalent 
to a quadratic-like restriction of a unique quadratic polynomial. 

A quadratic-like map / is called primitively renormalizable with period p if there exists a 
topological disk U' 3 such that the domains f k (U'), k = 0, 1, . . . ,p — 1, are contained in 
U and pairwise disjoint, and g = f p : U' — > f p {U') is a quadratic-like map with connected 
Julia set. In this case, K = K(g), as well as Kj = fi(K'), j — 0, 1, . . . ,p — 1, are called the 
little Julia set, and the invariant set 

p-i 
K=\jK j 

3=0 

is called the cycle of little Julia sets. 

2.2. Holomorphic correspondences and d-valued immersions. In what follows Rie- 
mann surfaces are not assumed to be connected. 

2.2.1. Holomorphic correspondences. Let U and V be two Riemann surfaces. A holomorphic 
correspondence g:U — > V is a pair (gi, g r ) of non-constant holomorphic maps gf.G — > U and 
g r : G — > V, where G = Graph^ is a Riemann surface. 

Non-constant holomorphic maps and their (multivalued) inverse are naturally interpreted 
as holomorphic correspondences. 

Somewhat abusing rigor, we will often identify holomorphic correspondences with the 
associated "multi- valued maps" (= "polymorphisms") g = g r o gf 1 . 
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2.2.2. Fullback. Let g: G — > V and h: H — > V be two non-constant holomorphic maps be- 
tween Riemann surfaces. Let us consider an analytic set 

P = {(x,y)eGxH: g(x) = h(y)}, 

and let pf. P — > G and p r : P — > H be the projections of P to its components. We call 
(PhPr)'- P ~~ (G, if) the pre-pullback of g and /t. 

Let S C P be the set of singular points of P. Let g: II — > P be the desingularization of P, 
i.e., a Riemann surface II together with a proper holomorphic map q which is one-to-one on 
p" x (P \ S). Let tti = pi o q and 7r r = p r o q be the natural projections from II to G and H 
respectively. The holomorphic correspondence (717, 7r r ) is called the pullback of g and /. It 
satisfied the following universality property: 

Lemma 2.1. Let F be a Riemann surface, and let ff.F — > G and f r :F —* H be two 
holomorphic maps such that g o fi = h o f r . Fhen there exists a unique holomorphic map 
0: F — > II such that f] = tx\ o and f r = ir r o 0. 

Remark. Note that if one of the maps, g or h, is immersion then the pre-pullback P is 
non-singular and thus coincides with the pullback. In fact, this will the only case of interest 
for us. 

There is a general principle that nice properties of g (respectively h) are inherited by ir r 
(respectively, tti) of the pullback. Here is a statement of this kind which is relevant to our 
discussion: 

Lemma 2.2. Let (7rj,7r r ):II — > (G,H) be the pullback of g: G — ► V and h: H — > V . 

• If g is an immersion then ir r is an immersion. 

• If h is proper then 717 is proper of the same degree. 

Proof. Let us consider the pre-pullback (pi,p r ):P — > (G,H) of g and h. Since the map 
p: II — > P is locally injective, it is sufficient to check that p r : P — > H is locally injective. 

Let (xq, yo) G P. Since g is an immersion, there exists a neighborhood Q C G of xq such 
that g I Q is injective. Take a neighborhood Q C H of yo such that h(Q) C Then 

(2.1) N = {(x,y)eQxQ: g(x) = %)} 

is a neighborhood of (£0,2/0) m sucn t na ^ ^ ne projection p r \]y: N —> Q is injective (since 
x G f2 is uniquely determined by y e Q). 

Let us pass to the second assertion. Since q: II — > P is a proper map of degree one, it 
is sufficient to check that pf P —> G is a proper map of degree d = degh. (For proper 
maps between singular curves, the degree is still understood as the number of preimages of 
a generic point.) 

Let Q C G be a compact set. Then 

pT 1 (Q) = {(x,y)eQxH: g{x) = h{y)} 

= {{x,y) EQx h~\gQ) : g(x) = h{y)}, 

which is a closed subset of a compact set Q x h~ 1 (gQ). Moreover, for a generic x, the 
equation h(y) = h(x) has d solutions, so that p\ has degree d. □ 

Of course, a holomorphic map /i is proper if and only if it is a branched cover of finite 
degree. 
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2.2.3. Composition. Let us consider two holomorphic correspondences, g = (gi,g r ):G — > 
(U,V) and h = (hi,h r ):H — > (V,W). Let us consider the pullback (7i7,7r r ):II — * (G,H) of 
g r and hi. 

The composition f = h o g is defined as the pair (//, / r ): II — * ([/, W), where fi = g\o 717 
and f r = h r o n r . The inverse of a correspondence / = (//, / r ): F — > (U, V) is just f^ 1 = 
(fr,fi)'-F — > (V,U). We can also define an identity correspondence id = (id, id) : — > V 
for any Riemann surface V. Thus we can form the category of Riemann surfaces with 
holomorphic correspondences as morphisms. Unfortunately, it is not an invertible category: 
the composition / o / _1 is not always the identity. (The composition / o f" 1 will always 
contain some component that acts like the identity on a subsurface of U) . 

2.2.4. Multi-valued immersions. Let us consider a holomorphic correspondence g = 
(gi, g r ): G — > (U, V). Critical values of g r are called critical values of g, while critical values of 
gi are called ramification points of g. Accordingly, g is called unramified if gi is an immersion, 
and g is called unbranched or a multi-valued immersion if g r is an immersion. 

In the classical language, the associated multi- valued function = g r °gf 1 is unramified if 
all its local branches are single- valued, and it is a multi-valued immersion if its local branches 
have the form ^(z 1//n ), where the ip are univalent. 

A multi- valued immersion g is called evenly-valued if g\ is a branched covering. If deg gi = 
d, it is called d-valued. For a <i-valued immersion, the associated multi-valued function 
satisfies the following properties: 

• local branches of have the form -0(z 1//n ), where ip is univalent; 

• admits an analytic continuation along any path that avoids ramification points; 

• outside ramification points, has d local branches. 

Vice versa, if we have a multi- valued function 0: V — > U satisfying these properties, then 
it lifts to an immersion v.G —* U, where G is a <i-sheeted Riemann surface over V, i.e., there 
is a branched covering it: G — ► V of degree d. (Points of G are germs of local branches of 0.) 
The holomorphic correspondence (ir, i): G — > (V, U) is a d- valued immersion. 

Lemma 2.3. If g: G — > (U, V) is a devalued immersion and h: H —> {V, W) is a d2-branched 
immersion then ho g is a d\d2-valued immersion. 

Proof. Let (717, 7r r ): II — > (G, H) be the pullback of g r and hi. By Lemma l2~2"l 717 is a branched 
covering of degree c?2 and 7r r is an immersion. Hence g\ o n l a branched covering of degree 
d±d% and h r o ir r is an immersion. □ 

Remark. It can also be easily checked using the definition of a <i-valued immersion in the 
classical language. 

2.2.5. Invariant sets. Let g = (gi, g r ):G — > (U, V) be a holomorphic correspondence, K C U. 
We say that K is invariant if (K) = g' 1 ^). 

2.3. Pseudo-polynomial-like maps. Suppose that U', U are disks, and %: U' — >• U is a 
holomorphic immersion, and /: U' — >• U is a degree d holomorphic branched cover. Suppose 
further that there is an FJ-set K C U that is (i, /)-invariant, and suppose that K' = 
i _1 (i^) = f~ l (K) is connected. (Note that K' is connected if and only if all the branch 
values of / lie in K. Also note that, because / is proper, K' is an FJ-set.) Then we say that 
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F = (i, /): U' — > (U, U) is a ip-polynomial-like 2 {4>-pt) map of degree d with filled Julia set 
K? (We will see that K C U is uniquely determined by F). 

We can view F as a holomorphic correspondence (i, /): U' — > U. Then it follows directly 
from the definitions that F is a ?/;-polynomial-like map (of degree d with filled Julia set K) 
iff the inverse correspondence F" 1 is a d- valued holomorphic immersion such that the filled 
Julia set K is completely invariant under F (and F~ l is ramified only on K). 

Lemma 2.4. Let F = (z, /): U' — > U 6e a if) -polynomial-like map of degree d with filled 
Julia set K . Then i is an embedding in a neighborhood of K' = f~ l (K), and the map 
g = f o z' -1 : U' — > [/ near F z's polynomial-like of degree d. 

Moreover, the domains U and U' can be selected in such a way that mod([7 \ i(U')) > 
p(d, mod(U \ K)), where p(d, v) > /or ^ > 0. 

Proof. Let us show that z is an embedding in a neighborhood of if', and that i(K') = K. 
To this end let us consider the annuli U \ K and U' \ K', and let us uniformize them by 
the round annuli: 

0:A(l,r) -^V\K, </>': A(l, r') — > U' \ K', where r' = r 1/d . 

Let / = 0" 1 o « o 0': A(l, r') — > A(l, r). Since i(F') C K, the map J is proper near the unit 
circle T. By the Reflection Principle, it admits an analytic extension to a map A(l/r',r') — > 
A(l/r, r) that restricts to a covering T — >• T of some degree k > 0. (We will use the same 
notation, /, for this extension). 

Let us consider the geodesic u/ — T ^ in A(l,r'), and let uj = I{oj'). Since for given 
r,r' > 0, the family of holomorphic immersions A(l,r') — > A(l,r) of positive degree is 
compact, the distance from to to T is greater than p = p(r, k) > 0. Let A = A(l/p, p) and let 
A' be the component of J -1 (A) containing T. By the Argument Principle, the map /: A' — >• A 
is a covering of degree k. 

In fact, k — 1. Indeed, let 7 and 7' be the outer boundaries of A and A' respectively. Let 
T = 0(7), r" = ^'(V), and let Q and fi' be the disks bounded by T and V respectively. Since 
/: 7' — > 7 is a covering of degree fc, so is z: T' — > T. Hence z: fi' — > is a branched covering 
of degree fc. If fc > 1, z would necessarily have a critical point, contradicting the assumption 
that it is an immersion. 

Furthermore, let F = 0" 1 o / o 0': A(l, r') — > A(l, r). Since it is a covering map of degree 
d, F(z) = z d . Hence F _1 (A(l,p)) = A(l,p'), where p' = p l ^ d . Notice that the hyperbolic 
distance from T p to T in A(l/r, r) is equal to the hyperbolic distance from T p > to T in 
A(l/r',r'). Since the map J:A(l/r',r') — > A(l/r, r) contracts the respective hyperbolic 
metrics by a uniform factor, we have: /(T p /) C A(l, Xp), where A = A(r, d, p) < 1. (Actually 
A = A(r, d) because p = p(r, d).) Putting all these together, we conclude that 

W = JoF^ 1 (A(l,p)) c A(l,Ap) = W. 

and moreover, the map F o W' — > W is a covering of degree d. 
Letting 

U' = KU<j>(W') 7 U = KU(f>(W), 



Pronounced "pseudo-polynomial- like" 

'Strictly speaking, we have defined a "■0-polynomial-like map with connected Julia set" . 
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we see that the map / o % 1 : U' — > U is polynomial-like of degree d and 

mod(£7 s U') > — log A, where A depends only on d and mod(U \ K). □ 
2ir 

(The above estimates with poincare metric also show that if K C U is compact, and 
K C K, and (ki)Z is defined by K = K and K i+1 = {(f-^k)), then K = ClZo&i- 
Therefore K is uniquely determined by F). 

Lemma 12.31 implies that the n-fold iterate of a ^-PL map of degree d is a ip-PL map of 
degree d n . We denote it 

F n = (t n j n y.v n ^v. 

The Julia set K = K(f) is embedded into all the domains U n , and we will keep the same 
notation for the embedded sets. 

Notice also that there is a natural ip-PL map U n — > U n_1 , the "top" of the pullback 
triangle corresponding to the ra-fold composition of F . We call it the restriction of F to U n 
and use for it the same notation F = (i, /). 

We will also use a loose notation / : U — > U for the tjj-qi map (/, i) : U' — > U, identifying 
/ o i^ 1 with / and viewing it as a multivalued map on U. 

2.4. Canonical Renormalization. A ^-polynomial-like map of degree 2 is called ip- 
quadratic-like (ift-qt) . More generally, a ip-PL map F = (i, f) of degree d is called unicritical 
if it has a single critical point (so that / has local degree d at this point). We will abbreviate 
unicritical ^-PL maps as uip-PL maps. 

A uip-PL map F = (i, f) with connected Julia set is called renormalizable if its polynomial- 
like restriction to a neighborhood of K(F) is renormalizable. If F is primitively renormal- 
izable, then one can define a canonical renormalization G = R(F) = (j, g) in the space of 
li^-PL maps as follows. 

Let us first consider a polynomial-like renormalization g: U' — > V of / near the Julia set. 
Let /C = K{g) = Uf~ 1 -ft'((7), where p is the renormalization period. Because g is a primitive 
renormalization, we can assume that V H K{g) = K(g). Let us consider a Jordan loop 
7 = dU' and the associated covering it: Q — > V \ /C(g). 

Lemma 2.5. f2 zs homeomorphic to the space of paths 5: [0, 1] — >• V \ IC(g) such that 5(0) e 
V, modulo homotopy fixing 7(1). 

Proof. Because V \ -^(p) deformation retracts to 7, the above space of paths modulo the 
homotopy is identified with the space V of paths 5: [0, 1] — > V \ /C(p) such that 6(0) G 7, 
modulo homotopy fixing 6(1). Let ~ denote this homotopy equivalence on V. 

Since tt is associated with 7, the loop 7 lifts to a loop 7CO that projects homeomorphi- 
cally onto 7. 

Any path 6 G V can be lifted to a path 5 on Q such that 5(0) G 7. Furthermore, any 
homotopy 5 t <E V lifts to a homotopy j t satisfying the boundary conditions: 5 t (0) G 7 and 
a = 5t(l) is fixed. Hence a is a well defined point of V associated to the homotopy class 
[5] G Vj ~. 

Vice versa, given a point aeO, all paths 6 joining it to 7 are homotopic (preserving the 
boundary conditions) and hence push down to a homotopy class [§} EV/ ~ of paths joining 
a = 7r(d) to 7. This determines the inverse map Q — ► V j ~. □ 
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Let us consider a topological annulus A = V' \ K(g). It lifts to a topological annulus 
AcO that deformation retracts to 7 and 7r: A — > A is an isomorphism. Hence 

Q^QU n A. 

The latter Riemann surface naturally embeds into 

v = nu n V, 

and the covering n naturally extends to a projection V ^ V (which still will be denoted by 
7r). In what follows we will identify V (in particular, K(g)) with its homeomorphic lift to 
V. 

Lemma 2.6. The map g~ l lifts to a d-valued immersion g^ 1 on V (ramified only at g{0)). 
The inverse correspondence is a uip-PL map with the only critical point at 0. 

Proof. Take a path 5: [0, 1] — > V \ JC(g) such that 5(0) G V . Then g~ 1 (5(0)) consists of d 
points bi G U'. By Lemma [2.31 F~ p is a multi- valued immersion on V, so that it satisfies the 
path-lifting property. Hence 5 lifts by F~ p to d path 7^ originating at the points foj. 

Let us now consider a homotopy St fixing S(l) and moving S(0) within V' \ K(g). Since 
V \ /C(g) does not contain the critical values of _F P , it lifts to a homotopy of each path 7, 
fixing 7i(l) and moving 7«(0) within C/' \ K(g). By Lemma f2. 51 it represents a well-defined 
point di G fi. 

This defines a d- valued lift g" 1 of F~ p : V A \/C((?) — * V\/C(g) to J7. Since F~ p is unramified 
immersion on V \ /C((?) satisfying the path-lifting property, so is g^ 1 . 

Since g~ x is a d-valued immersion on K(g) (ramified only at g{0)), g~ l extends as d-valued 
immersion through K(g) (ramified only at g(0)). 

Since near K(g), g~ l is the inverse to a quadratic-like map /, the conclusion follows. □ 

3. Canonical weighted arc diagram 

3.1. Arc diagrams. Let S be a hyperbolic open Riemann surface of finite topology with- 
out cusps. It is conformally equivalent to the interior of a compact Riemann surface S with 
non-empty boundary. 4 The boundary of S is called the ideal boundary of S. It is canon- 
ically attached to S in the sense that any conformal isomorphism S — > S' extends to a 
homeomorphism S — > S'. 

A path in some topological space Z is an embedded interval 7: 1 — > Z. It is called open, 
closed, or semiclosed depending on the nature of /. An open path 7: (0, 1) — > S is called 
proper if it extends to a closed path 7: [0, 1] — > S such that 7{0, 1} C dS. Two proper paths 
70 and 71 in S are called properly homotopic if there is a homotopy "y t , t G [0, 1], connecting 
To t° 7i through a family of proper paths. 5 

An arc on S is a class of properly homotopic paths, a = [7]. An arc is called trivial if it 
has representing paths 7: / — > S in arbitrary small neighborhoods of <9S. Let A(S) stand for 
the set of all non-trivial arcs on S. 

Two different arcs are said to be non-crossing if they can be represented by non-crossing 
paths. An arc diagram is a family of pairwise non-crossing arcs ctj. Note that any arc 
diagram consists of at most 3|x(5')| arcs, where x(£>) is the Euler characteristic of S. 

4 In what follows, all Riemann surfaces are assumed to be of this type, unless otherwise is explicitly stated. 
5 Note that this homotopy is automatically isotopy. 
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A weighted arc diagram (WAD) on S is an arc diagram a = endowed with weights 
Wi G R+. In this case, the arc diagram a is called the support of W. 6 Let W(S) stand for 
the set of WAD's on S. 

The set W(S) is partially ordered: X < Y is X(a) < Y(a) for any a G suppX. We will 
also write X < Y + c if X(a) < F(a;) + c for any a G supp X. 

The sum of two WAD's, X + K , is well defined whenever any two arcs a G supp X and 
/? G supp Y are either the same or non-crossing. The difference X — Y is always well defined 
if we let (X — Y)(a) = whenever X(oi) < Y(a). Similarly, X — c is well defined for any 
constant c > 0. 

We will make use of two norms on the space of WAD's: 

||W||oo = sup W(a); \\W\\ 1 = J2w(a). 

If /: U — > V is a holomorphic covering between two Riemann surfaces then there is a 
natural pull-back operation /*: W(V) — > W(U) acting on the WAD's. 

A proper lamination T on S is a Borel set Z C S explicitly realized as a union of disjoint 
proper paths called the leaves of T . Any proper lamination 7 can be written T = Uo-^ r ( Q! )) 
where J 7 (a) comprises the leaves of T that represent a. The arcs a G A for which J 7 (a) 
is non-empty assemble an arc diagram. Let us weight each of these arcs with the weight 
Wf(ol) equal to the extremal width W(JF(a)) of the sublamination J 7 (a) (viewed as a path 
family). In this way we obtain the WAD Wj? = Wjr(a) ■ a corresponding to J 7 . 

Note that if /: U — > V is a holomorphic covering between two Riemann surfaces and T is 
a proper lamination on V then /*(J r ) is a proper lamination on U and Wf*tp\ = f*{Wjr). 

Weighted arc diagrams that are for some proper lamination J 7 are called valid. 

3.2. Canonical WAD. Let us consider the universal covering ir: D — > int S. Let T be the 
Fuchsian group of deck transformations of ir, and let A C T be its limit set. Since S has non- 
empty boundary, A is a Cantor set. Moreover, 7r extends continuously onto S = D \ A, and 
the restriction of ir to any component I of dS is a universal covering onto some component 
I of dS. 

Let us pick two components, J ^ J, of The disk D with these two intervals as 
horizontal sides determines a quadrilateral Q(I,J). This quadrilateral can be conformally 
uniformized, 0: Q(I, J) Q(a), by a standard quadrilateral Q(a) = [0, a] x [0, 1] in such a 
way that I and J correspond to the horizontal sides of Q(a). The vertical foliation J 7 {I, J) 
on <-0 is the 0-pullback of the standard vertical foliation on Q(a). 

Assume now that a > 2, and let us cut off from Q(a) two side squares, [0, 1] x [0, 1] and 
[a— 1, a] x [0, 1]. We call the left-over rectangle Q ca n(o), and we let Q C!m (I, J) = _1 (Qcan(o)). 
The side quadrilaterals that we have cut off from Q(I, J) are called its buffers. 

Let J-'ca.nil, J) be the restriction of J) to Q c &n(I, J)- Obviously, for any deck trans- 
formation 7 G T, we have: 

(3-1) -Fcan(7(/),7(^)) =7(^can(/, J))- 

Lemma 3.1. The rectangles Q ca , n {I, J) o,re pairwise disjoint. 

6 We can also think of a WAD as a function A(S) — > K+ supported on some arc diagram. 
In what follows, all laminations under consideration are assumed to be proper. 
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Figure 3.1. The canonical foliation 

Proof. Let us consider two rectangles, Q = Q(I, J) and Q' = Q(I', J'). Then we can find 
one interval from each pair, say J and J', such that J ^ J' (so J D J' = 0), and such that 
there is a component T of T — ( J U J') such that T fl (/ U /') = 0. 

We let .B be the buffer of Q(I, J) that has a horizontal side (which is a subset of J) that 
shares an endpoint with T; we define 5' likewise. Then if any vertical leaf 7 of Tamil, J) 
crossed any vertical leaf 7' of .Fcan (-/"', then every vertical leaf of B would cross every 
vertical leaf of B'. This would contradict Lemma fl 0.61 □ 

This lemma allows us to define the canonical lamination J r can (>S') as the union of the 
laminations .F can (/, J) for all pairs of different components / and J of dS. By 1)3.1)1 . this 
lamination is T-invariant, and hence it can be pushed forward to S D S. In this way we 
obtain the canonical lamination on S: 

3~ can('S') = J~\ =an(S) = 1t*iJ~ =an (5'))- 

The corresponding weighted arc diagram a 1— > W can (S,a), a G A(S), is called the canonical 
WAD on S*. 8 By definition, it is valid. 

We will now list several basic properties of the canonical WAD. The rest of the theory will 
be based on these properties in an essentially axiomatic way. 

3.3. Property A: Maximality. Let W max (S): A — > M + stand for the functional assigning 
to an arc a E A the extremal width of the family of all proper paths 7 in S representing a. 
(Note that W max (5') is not a WAD as it is not supported on an arc diagram.) 

Lemma 3.2. For any valid arc diagram W on S , we have: 

W<W max (S)<W can (S) + 2. 

Proof. The first inequality is obvious, so let us focus on the second one. 

It is trivial for any arc a G A with W max (a) < 2. Let us consider some arc a G A with 
W max (a) > 2. This arc connects two boundary components, a and u>, of 5*. 

The path family Q{a) representing a lifts to a path family Q{a) consisting of all the paths 
in D that connect two appropriate arcs on T, I and J, covering a and uo respectively. Viewing 

8 We will use abbreviated notations W ca ,n(S) or W ca , n {o>) whenever it does not lead to confusion. 
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I and J as the horizontal sides of the rectangle Q(I, J) based on O, we obtain the desired 
estimate: 

W{G{a)) < W(Q(a)) < W(Q(I, J)) = W c&n (S, a) + 2 
(where we have made use of Lemma flO.ll for the first estimate). □ 

3.4. Property B: Natural behavior under coverings. 

Lemma 3.3. If f:U — > V is a finite-degree covering then W clin (U) = f*W CSLn (V) . 

Proof. Let ttu'-U eD \ Ay — > U and iry'-V = D \ Ay — > V be the universal coverings of 
U and V, with deck transformations groups and T v respectively. Since / has a finite 
degree, the group IV has a finite index in Ty. It follows that Ajj = Ay, so that U = V . 
Hence F^U) = T CSkn (V) = T. Then 

FcUu) = tiy v = r{T/v v ) = rc^nOO), 

and the conclusion follows. □ 

3.5. Property C: Behavior under partially proper maps. Let S(S) stand for the set 
of ends of the Riemann surface S (that, under our standing assumption, can be identified 
with the set of boundary components of S). We say that S is partially marked if we have 
chosen a subset S P (S) C £(S) of ends that we call "proper". 

A map e:U — > V between partially marked Riemann surfaces is called partially proper 
if it is proper on proper ends. An arc a G A(S) is called horizontal if it connects proper 
ends of S. Let A h (S) stand for the set of horizontal arcs on S, and let W h (S) be the set 
of horizontal WAD's on S. The horizontal canonical WAD W^ an (S) is the restriction of the 
canonical WAD to the set of horizontal arcs. 

Notice that a partially proper map e: U — >• V induces a push- forward map on the hori- 
zontal arcs, e*: A h (U) — * A (V), and hence, a pullback map on the horizontal arc diagrams, 
e*:W h (V) -> W h (£7), defined by e*(Y)(a) = Y(e*a). 

Lemma 3.4. Let U and V be partially marked Riemann surfaces, and let e:U — > V be a 
partially proper holomorphic map. Then 

Proof. Let us consider a horizontal arc a £ suppW^ n (f/). It connects two proper ends, a 
and ui, and it lifts to an arc in U connecting some components / and J of dU . Let Q be the 
quadrilateral based on U with the horizontal sides / and J. Let I 1 = e(J), J' = e(J), and let 
Q' be the corresponding quadrilateral based on V . Then e:Q — ► Q' maps the horizontal sides 
of Q to the corresponding horizontal sides of Q' . By Corollary 110.31 W(Q) < W(Q'). But 
W(Q) = Wc^iU, a) + 2, W(Q') = W cabn {V, e*(a)) + 2, and the desired conclusion follows. □ 

Similarly, an arc a £ A{S) is called vertical if it connects a proper end of S to an improper 
one. The vertical canonical WAD W^ an (S) is the restriction of the canonical WAD to the set 
of vertical arcs. 
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3.6. Property D: Domination. Let us now introduce an important relation between 
WAD's. 

An integer WAD a (IWAD) is a WAD with integer coefficients, that is, a formal linear 
combination ^rijOj, where ccj is a arc diagram, and G N. It will be also convenient to 
write a as a formal sum of arcs, a = ^ ctj, where any two different arcs atj are non-crossing. 
The order on WAD's induces a natural order on IWAD's. 

Let us consider two Riemann surfaces, U C V. Given a path 7 on V, the restriction 7 D U 
has only finitely many non-trivial components, (7i)™ =1 . They represent a sequence of arcs on 
U, 1(7) = (cKj = [7i])it=i, called the itinerary of 7. 

We say that a sequence of arcs (aj) on U arrows an arc (3 on 1/ if there exists a path 7 
representing /5 such that 1(7) = (ttj). We will use notation {oti) — > (3 for the arrow relation. 

Remark. Note that the endpoint of 7$ is connected to the beginning of 7j + i by a path that 
goes through some component K of V \ U. In this case, the end of U corresponding to this 
component is not properly embedded into V. This remark is useful as it reduces a number of 
possibilities of how the arc (3 can be composed by arcs atj. 

We say that a IWAD a = ^2 a i arrows (3 if the arcs a, can be ordered so that the string of 
arcs (ccj) arrows (3. (In other words, we "abelianize" the arrow relation.) We use the same 
notation, a — ► f3, for this arrow relation. 

Let us now consider two WAD's, X G W(U) and Y G W(V). We say that X dominates 
Y, written 

X —oY, 

if we can write 

i j i 

where, for each i, 

( a ij)j — ► A 

and 

Q)Wij > Vi. 

j 

The basic example comes from laminations on V: 

Lemma 3.5. Given a valid WAD Y on V, there exists a valid WAD X on U such that 
X -o Y. 

Proof. Since Y is valid, Y = for some lamination T on V. For (3 G supp Wp, let J-{(3) 
be the sublamination of T assembled by the leaves 7 representing the arc (3. 

Let us consider the slice of JF on U, that is, let Tt — T D U and X = W-h- To any leaf 
7 of J 7 , let us associate its itinerary 1(7) = (0,(7)) on U. Let T(f3) stand for the set of all 
non-trivial itineraries a = 1(7) corresponding to all possible leaves 7 of ^((3). By definition, 
a — > (3 for any a G T{(3). Let jF(/3, a) stand for the sublamination of assembled by 

the leaves 7 with itinerary a, i.e., 1(7) = a. 

For a = (a,) G let v((3,a) = W(F(f3,a)), and let Wj((3,a) be the width of the 

lamination assembled by the segments of JF(/3,a) fl U corresponding to ctj. By the Series 
Law, 

Q) Wj (f3,eL)>v(f3, a ). 
j 
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Moreover, 

* = £ E Z>;G9,a)«;> y = E E ^.a)^. 

P aeX(/3) j P ael(P) 

This would mean that X — o Y if we knew that Z(/3) were finite. The rest of the argument 
will show that the terms can be grouped so that the decompositions become finite. 

Let T(/3) be the set of all IWAD's cx = ^2 otj corresponding to all itineraries a = (oj) G 
X(7), and let 7?:Z(/3) — > T(/3) be the corresponding abelianization projection. Let (ei)f =1 be 
the maximal family of different non-trivial arcs represented by the leaves of T D U. Then 
any IWAD cx G T(f3) has a form ^ n « e i; n « £ an d hence represents an element of the 
free semi-group (Z + ) n . By Lemma 13.61 below, there is a finite set B(j3) C T(j3) such that 
any cx G T((3) is greater or equal than some a' G B{f3). Let us show that the labeling set 
T{P) can be replaced with B((3). 

Let us select a projection 7r:X(/5) — > -B(/3) factored through rj and such that a' = 7r(a) < 
77(a). Then the components of a' = a' k is a subset of components of a = (aij), so that, we 
can select an injective map j(k) = j & (k) such that ot' k = otj(k)- Let 

w kWi a -')= E ^aCfc^a), v'(J3,a!)= u(/3,a). 

7r(a)=a' 7r(a)=a' 

Then 

X ^E E E^ a, K, y = E E w^p- 

/9 a'eB(P) k P a'eB(P) 

Moreover, by Lemma fl 1 . 71 

k 

Thus, X —oY. □ 

Let us consider a free Abelian semigroup S = TTl with the standard basis [&ifl =v It is 
ordered coordinatewise: > J2Vi e i ^ x i — 2/i f° r an For any 1 £ S, let 5 X = {y G 

S* : y > x} stand for the cone with the vertex at x. 

Lemma 3.6. Let T be an arbitrary subset of the semi-group S. Then there exist a finite 
subset B C T such that T C \J xeB S x . 

Proof. Suppose first that T is non-empty. Let a = a % e i be an element of T. Let trf Z" — > Z 
be the projection onto the i th coordinate. For i < n, and < a^, G Z + , let = 
^i" 1 !!^}) !~l Z. Then, by induction on n, there is a finite C such that 

Tl C |J 

Then let 

73 = {a}U |J 

l<j<n fc<a^ 

it has the desired property. □ 



We can now prove Property D of canonical WAD's: 
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Lemma 3.7. Let U C V . Then there exists a WAD B e W{U) with ||5||oo < 2 such that 

w c uu) + b^w c uv). 

Proof. Since W can {V) is valid, Lemma 13*31 gives us a WAD X on U such that X — o W can (~0- 
By the Maximality Property, X < W / can (f/) + 2. Hence there exists a WAD i? with supp B C 
suppX, ||-B||oo < 2, and X < W can (r/) + -B. The conclusion follows. □ 



Lemma 3.8. If 

then 

Proof. 
Therefore 



0(2* + h) > y, 

dxi x\ 

0(xi + 6i) <0^ + yj>* 

□ 

Lemma 3.9. IfX + B^Y, then X -o F - ||Bi||i. 

Proof. Now suppose X + 5 — o F . Formally we can write X + i? > £\ Tj, F = F, where 
T * = J2j w ij a ij, Y i = Vifo, and 

(3-2) {a ij ) j -> fa, 

and 

Wij > Vi. 

3 

By the general theory of positive vectors in W 1 , we can write Tj = Xj + -B;, where X > ^ Xj, 
and B >J2 Bi- So writing Xj = "TV w^aij, and £>j = "TV wfjOiij, we obtain 

0« + 

so, by Lemma f3. 81 



0^>^-||^|| 1 , 

3 

and therefore (using (|3.2|l ) 

Together with Lemma f3. 71 this implies: 
Corollary 3.10. Let U CV. Then 

W can (U)^W can (V)-6\x(U)\. 
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3.7. Horizontal and vertical arc diagrams. In the further applications, the Riemann 
surface S will be U \ K., where U is a topological disk, and K, is the union of p disjoint full 
continua (in reality, the cycle of little Julia sets of some quadratic-like map). 

Under these circumstances, a proper path (and the corresponding arc) in U \ JC is called 
horizontal if it connects two little Julia sets, and is called vertical if it connects a little Julia 
set to dU. Given an arc diagram W on U \ JC, let iy h and W v stand for its horizontal and 
vertical parts respectively, and let VT v+h stand for their sum. In particular, we can consider 
W* n , W/ V an and 

4. Life on Hubbard trees 

4.1. Topological disked trees and aligned graphs. Let us consider a Riemann surface 
U with finitely many open Jordan disks Dj d U with disjoint closures, and let T> = UDj. An 
embedded 1-complex Hj. C C/\P is called proper ii all its tips (i.e., valence 1 vertices) belong 
to <9£>. Assume that we have finitely many disjoint proper graphs such that H = VUkH^ 
is simply connected. In this case we say that H is a (topological) disked tree. 

We say that a path in H \P is aligned with a disked tree if if it connects the boundaries of 
two disks in X>. The arcs a in U \T> represented by aligned paths are also called aligned with 
H. Let H stand for the family of the aligned paths/arcs. (Since there is a natural one-to- 
one correspondence between the aligned arcs and the aligned paths, we will not distinguish 
notationally these families). 

Let G be the abstract graph whose vertices are disks and edges are the paths/arcs of 
H. We call it the graph of aligned arcs. 

Lemma 4.1. The graph G is a tree of complete graphs? 

Proof. Let T>k stand for the family of the disks Z?j that touch the graph H%. Let G& C G be 
the graph whose vertices are disks Di C P*. and edges are the path of H contained in G&. 
As Hk is path connected, any two disks and Dj of T>\~ can be connected by an arc in G&, 
so that, the graph G& is full. 

Since if is a tree, it is easy to check that the graphs Gfc are organized in a tree as well. □ 

4.2. Superattracting model. To a primitively p-renormalizable map /, one can associate a 
certain superattracting quadratic polynomial F of period p as follows (compare |McMll §B]). 
First, we can straighten / to a quadratic polynomial, so we can assume that it is a quadratic 
polynomial in the first place. Then, collapsing the little Julia sets Kj to points Cj, we obtain 
a topological sphere S. Moreover, the map / descends to a degree two map fo'.S^S with 
a periodic critical point cq (/o collapses the sets —Kj C C \ K, j = 1, . . . ,p — 1), to points 
Cj+i. One can check that this map does not have Thurston obstructions (see |DH3j ). so it 
can be realized as a superattracting quadratic polynomial. This polynomial is the desired 
F. 

We call F the superattracting model for /. We let O = {F k (0)}fz} stand for the superat- 
tracting cycle of F, and T> stand for its immediate basin of attraction. 

Lemma 4.2. Let f: (U, JC) — > (V, JC) be a primitively renormalizable quadratic-like map, and 
let F: (C, T>) — > (C, T>) be its superattracting model. There is a natural one-to-one correspon- 
dence between horizontal /vertical arcs in U \ /C (resp., V \ / _1 (/C) ) and horizontal /vertical 



9 See t ill. 71 of Appendix B for the definition. 
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arcs in C \ T> (resp. C \ F 1 {T>)). The correspondence between the horizontal arcs is 
compatible with the arrow relation. 

This obvious statement allows us to replace / with its superattracting model F, as long 
as we are dealing with the combinatorics of arc diagrams. The advantage of the model is 
that it possesses a well-defined Hubbard tree. 

4.3. Disked Hubbard tree. Let Dj, be the component of D containing It is known 
that the D^s are Jordan disks. Given a set X C K(F), the path hull of X is defined as the 
smallest path connected closed subset of K(F) containing X satisfying the property that 
it intersects any component of int K(F) by the union of internal rays. The Hubbard tree 
H = Hp is defined as the path hull of the basin T>. It is a disked tree in the sense of fl4.ll 
Moreover, it is invariant under F; in fact, F(H) = H. 

Lemma 4.3. The valence of any disk of the Hubbard tree is at most 2. 

4.4. No periodic horizontal arcs. Given a proper path 7 in C \ T> that begins at some 
Di, i G Z/pZ, let F*7 stand for the union of the proper lifts of 7 that begin at -Dj_i. (Note 
that a horizontal path 7 has at most one proper lift.) 

This lifting operation descends to the level of arcs. An arc a is called periodic if (F*) l (a) D 
a for some I G Z + . (Of course, the period I must be a multiple of p.) 

Lemma 4.4 (see jF], Theorem 5.8). Periodic horizontal arcs do not exist. 

Proof. Assume that a is such a periodic horizontal arc with period I. Let us endow C \ O 
with hyperbolic metric, and let us represent a be a geodesic path 7 C C \ T>. It is the 
shortest representative of a. 

Since (F*yat = a, the lift F*^ represents the same arc a. so that, it is no shorter than 7. 
On the other hand, the Schwarz Lemma implies that it is shorter than 7 - contradiction. □ 

4.5. Expansion property. Let F _1 H stand for the family of paths in H \ F~ l T> with 
endpoints on F~ l T>. Each path of F~ l H is homeomorphically mapped by F onto some path 
of H. 

Let us consider a |H| x |H| matrix M = M(F) defined as follows: M 7< 5 = n if 7 contains 
n disjoint segments 73 G F _1 H such that F'ji = 5. One can easily check that the matrix M k 
can obtained by applying the same construction to the map F k . . 

Lemma 4.5. For any 7 G H ; we have^M^ > 2. 

6 

Proof. Not that the path F P/ y has the same endpoints as 7 does. If M 7«5 = 1 then FP 1 

5 

would not cross any disks of P. It would follow that / p 7 = 7, which is impossible by Lemma 
Ol □ 

4.6. Periodic vertical arcs. Let IT 1 be the arc diagram consisting of vertical arcs in C\X> 
that do not intersect the Hubbard tree H (up to homotopy). 

Lemma 4.6. If a vertical arc (3 is periodic then (3 G H -1 . 
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Proof. Let {F*) l f3 D (3 for some / G Z + . Let Q be the family of paths 7 in C\X> representing 
(3. For a path 7 G let 7' be its maximal initial segment whose endpoints belong to the 
Julia set K(F). Let Q' be the family of all paths 7' that can be obtained in this way. 

Since (F*) l f3 D (3, any path 7 G Q can be lifted by F l to a path 5 & Q. Then 5' is a lift of 
7', and thus, we obtain the lifting map L: Q 1 — > Q' . 

Let us endow the punctured plane S — C \ O with the hyperbolic metric. Let I7I stand 
for the hyperbolic length of a path 7, and let 

u = inf W\. 

This infimum is realized by some hyperbolic geodesic 7'. If \i > then by the Schwarz 
Lemma, |£(7')| < |7'|> contradicting minimality of 7'. Hence = and so, Q contains a 
curve 7 that does not intersect the Julia set K(F) (except for the initial point in T>). This 
is the desired vertical representative of (3. □ 

4.7. Pullbacks of vertical arcs. Given two families a and (3 of proper arcs (or paths) 
in a Riemann surface S, the "inner product" (ot,/3) = (at, (3)s is the minimal number of 
intersection points between path representatives of a and (3. 

For instance, a G H -1 if and only if (a, H) = 0. The dual statement is also valid: a G H 
if and only if (a, H -1 ) = 0. 

00 

Lemma 4.7. For any vertical arc 13, we have: |J(F n )*(/5) D H x . 

n=0 

Proof. Let 7 be a vertical path representing /5, and let 71 be a component of F*^. Since 
F: 7! — > 7 is a homeomorphism, 

(7i,F _1 H) CxF -i© = (7,H)cxb- 

Since # C F~ l H, 

(4-1) ( 7l ,H) < ( 7 ,H). 

Let us now consider a chain of vertical arcs (3 n C (F n )*(j3). By ()4.1|) . the intersection 
number (j3 n , H) does not increase with n, and hence eventually stabilizes at some value k. 
But for a given k, there are only finitely many different vertical arcs (3 such that (j3, H) = k. 
Hence (3 n = (3 n+ i for some I > 0. By Lemma l4~ol /3 n G H- 1 . 

But then all further lifts of (3 n by the iterates of F belong to H -1 as well. Lifting (3 n to 
the critical disk D Q , we obtain two symmetric arcs, o\ and 02, landing at D . By symmetry, 
these arcs are different. But by Lemma 1431 for any disk D^, there exist at most two different 
arcs of H -1 - landing on D^. Thus, o~\ and 0*2 are the only arcs of H x landing on Dq. Lifting 
these arcs further to all the domains D^, we obtain all the arcs of H x . □ 

4.8. Trees H l and the associated objects. For any / G Z>, we can introduce the following 

objects: 

• T> 1 = F~ l (T>); D l k are the components of V; 

• H l = F~ l (H); it is a disked tree with disks D l k ; 

• H l is the family of the paths/arcs aligned with H l ; 

• G l is a graph whose vertices are the disks D l k and edges are the arcs of H z ; as for / = 
( Lemma l4.1|) . it is a tree of complete graphs G^,. 
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Notice that F l maps G' onto G, so that each complete graph G^. is mapped onto some 
complete graph Gj. 

By Lemma fl 1. 101 applied to G', for any edge [D m , D n ] of H, there is a unique chain of G*, 
(4-2) D m = ^(i), D l k (2), ■ ■ ■ , = D n , 

connecting D m to D n . Here d = do r i{D m ,D rr ) is the distance between D m and D n in G . 
Lemma 14.51 implies: 

(4.3) d G r P (D m ,D n )>T. 
In fact, we have: 

Lemma 4.8. At least T~ x of the disks D r h p (i) belong to V rp \ V^- 1 ^. 

Proof. For r = 1, the assertion follows from Lemma l4~5*l and a remark that all the intermediate 
disks in the path (|4.2|) do not belong to D. Since each path of H p is mapped homeomor- 
phically under F p onto a path of H (transferring chains in G rp to chains in G^ 7--1 ^), the 
assertion follows by induction in r. □ 

5. Restrictions of WAD's 

5.1. Restriction of the domains. Let us consider a ^-quadratic-like map f = (i, /): U 1 — > 

U°, and let P = (z n , f n ): U" -> U° be its n-fold iterate. Then there is a natural ^-quadratic- 
like map U™ +1 — > XJ n called the restriction of f to U n+1 . We will use the same notation 
f = (i, f) for these restrictions. 

Assume / is primitively renormalizable with some period p, and let K, be the cycle of 
the corresponding little (filled) Julia sets. Let K, = / _1 (/C). Then we have an immersion 
z: U n+1 s K -> U n \ K, a covering /: U n+1 \ K -> U n \ /C, and an embedding U rt+1 \ ^ C 
U n+1 \ /C, that together form a triangle diagram. We will properly mark the Riemann 
surfaces U™ \ /C and U n \ K, by declaring the ends corresponding to the little Julia sets 
Ki to be proper. Then the maps in the above diagram are partially proper. Moreover, the 
embedding U n+1 \ K, C U n+1 \ K is also proper on <9U n+1 . 

5.2. Increase of the total weight. 
Lemma 5.1. For any n G Z> 0; we /iai>e: 

||^;+ h (U v /C)||x < ||^ c v + h (U" v K)h + 6(p + 1). 

Proof. Since the immersion z n : U n — > U is proper on /C, any proper path in U \ JC begin- 
ning on Kj contains an sub-path that lifts to a proper path in U n beginning on the same 
Kj. (Moreover, vertical path lift to vertical ones, while horizontal paths may lift to either 
horizontal or vertical.) Hence the canonical foliation T = ^ a n h (U \ /C) lifts to a proper 
foliation T n on XJ n \ JC. Hence 

l|H/;+ h (u x jq\\i = w(T) < w(^) < ||^;+ h (u" x jq\\i + 6(p + 1), 

where the first estimate follows from Corollary 1 1U. 21 while the last one follows from Property 
A. □ 
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5.3. Domination relations. Let us select a non-decreasing sequence of numbers q n £ R+ 
such that 



(5.1) q n+1 > 3p(q n + 2). 

Let X n = W c h an (U n \ JC) and X n = X n - q n . 

Proposition 5.2. We have: 

(i) X n+1 < i*X n ; 

(ii) f*X n -o X n+1 . 

Proof, (i) Since the immersion i is proper on the ends corresponding to the little Julia sets Kj, 
we have X n+1 < i*X n by Property C. This yields the desired inequality since the sequence 
(q n ) is non-decreasing. 

(ii) Let us properly mark the ends of U™ \ JC and U n+1 \ JC corresponding to the sets /C 
and K respectively. Since the covering / maps d\J n+1 to d\J n and maps JC to JC, horizontal 
and vertical arcs of U n \ JC lift respectively to horizontal and vertical arcs of U n+1 \ JC. 
Hence f*X n = W^ n (U n+1 s JC). 

By Property D, 

^can(U" +1 \ t) -o ^ c h an (U n+1 V JC) - 6p. 

But since the embedding U n+1 \ JC C U n+1 \ JC is proper on <9U n+1 , the itinerary of any 
horizontal path 7 in U n+1 \ JC consists only of horizontal arcs of U n+1 \ JC. It follows that 

H/ c h an (U" +1 x t) -o W* n (V n+1 x K) - 6p. 
Thus, f*X n —o X n+1 — 6p. Taking into account Lemma f3. 81 and (|5.1j) . we conclude: 

□ 

5.4. Topological arrow. Let us consider two Riemann surfaces, U C V, and let ot and /3 
be multiarcs on U and respectively. We say that ct topologically arrows f3, ct -w f3, if for 
any arc (3 £ f3 there is a sequence (a*) of arcs with at 6 a for each k, and (ajt) — /9. 

A basic example comes from two WAD's, X G W(Z7) and Y £ W(V), such that X — o F. 
Then supp X -w supp Y", as follows immediately from the definitions. 

5.5. Invariant horizontal arc diagram. Given a partially proper embedding U C V such 
that U is a deformation retract of V, we can view horizontal arcs on V as horizontal arcs on 
U (by retracting them from V to U). When we'd like to emphasize this point of view, we 
will use notation a\U. 

Let us say that a horizontal arc diagram a on U n s JC is invariant if 

Proposition 5.3. There exists n < 3p such that the horizontal arc diagram a n = supp X n 
is invariant. 

Proof. Since X n+1 < i*X n (by Lemma ET2l(i)). cx n+1 C a n |U" +1 \/C. Since |a°| < 3p, there 
exists an n < 3p such that az n+1 = a"|U n+1 \ JC. Since by Lemma I5~21 (ii), f*oc n -w o; n+1 , 
we are done. □ 
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5.6. Alignment with the Hubbard tree. We say that a horizontal arc diagram a is 
aligned with the Hubbard tree if it is so for the superattracting realization of a. 

Lemma 5.4. Any invariant horizontal arc diagram ct is aligned with the Hubbard tree. 

Proof. Let ct be an invariant horizontal arc diagram for a superattracting polynomial F . It 
can be realized by a "disked graph" A whose "vertices" are the disks and edges are paths 
representing the arcs of ct. Let A be the unbounded component of C \ A. Then one of the 
disks Dfc intersects <9A. A path 7 in A landing on represents a vertical arc (3 such that 
(a,/3) = 0. 

Then F*7 does not intersect F~ 1 (A) (except for the landing points). But by invariance, 
the arcs of ct can be realized as paths in F^ 1 (A). Hence _F*7 does not intersect ct. 

Iterating, we see that a does not intersect (F n )*7 for all n — 0, 1, . . . . By Lemma f4. 71 it 
does not intersect H -1 either. So, (ct, H -1 ) = 0, and we are done. □ 

Putting this together with Proposition 15.31 and Proposition 15.21 (i). we obtain: 

Corollary 5.5. For any n > 3p, the horizontal arc diagram a n = suppAT™ is aligned with 
the Hubbard tree H. 

6. Entropy argument 

6.1. Domination and electric circuits. Let us consider two topological disked trees H C 
H', with the families of disks {Dj} C {D^}. Then the corresponding aligned arc diagrams 
are related by the topological arrow: H' -w H. Let G and G' be the corresponding trees of 
complete graphs. 

We say that WAD Y is aligned with H if supp Y is aligned with H . Such a diagram 
induces an unplugged electric circuit Cy based on G by letting the conductance of the edge 
e G H be Y (e). The following lemma relates the domination relation between aligned WAD's 
to the domination relation between the corresponding electric circuits (see ^11. 6|) . 

Lemma 6.1. Let WAD's Y and Y' be aligned with trees H C H' as above. IfY'—oY then 
Cy' — Cy ■ 

Proof. By definition of domination, there exist edges /3, G H concatenated by paths (ctij)j 
in H', and positive numbers Wi, such that 

(6.1) Y = ^Wifli, Y' > S^S^ VijCtij, 

i i j 

and for any i, 

(6.2) Wi <0Vij. 

3 

Let B(e) be the family of edges $ equal to e. For any $ G B(e), let us consider an auxiliary 
electric circuit C[ whose resistors are (ctij)j with conductances (vij)j plugged in series with 
battery de. Then ()6.2|) translates into an estimate: Wi < W(C|), where W(C-) = ® - is 
the conductance of C[. 
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Each electric circuit C[ admits a natural projection into the circuit C' Y - By Lemma 111.61 
and the second inequality of J2^/V(Ci) < W(Cy/(e)). Hence 

Y(e)= w ^ H W (^) < W(C y ,(e)), 

and we are done. □ 

6.2. Dynamical setting. Let us now consider the Hubbard tree if of a superattracting 
map F with the basin T> = UDj, where j G Z/pZ. If Y is a WAD aligned with H, we let 

be the local conductances of the associated electric circuit (see flll.5|) . 

Lemma 6.2. IfY and Z are WAD's aligned with the Hubbard tree H and such that F*Y — o 
Z , then for any two disk Dj we have: 

Z\Dj < (deg F\Dj) -Y\D j+1 . 

Proof. We have F*Y\ Dj = deg(F\Dj) ■ Y\ D j+1 . By Lemma EU C F * y -o C Y - Hence 
F*Y\ D 3 > Z\ Dj by Lemma ITOl Thus, 

Z\Dj < (deg F\Dj) -Y\D j+1 . 

□ 

Lemma 6.3. Let Y and Z be WAD's aligned with the Hubbard trees H . Assume (F rp )*Y — o 
Z for some r G Z + and some WAD Z. Then for any edge a ofH, we have: 

Z(a) < ^l_max(F|D,). 

Proof. The WAD (F rp )*Y is aligned with the tree H rp = F~ rp H D H (see §3~BJ). Let c ' be 
the associated electric circuit. Recall that C\a) stands for the restriction of this circuit to 
the connected component of G' \ T> attached to da. By Lemma C l —° C, so that, 

Z(a) < W(C l (a)). 

Let us consider the path of disks (D k p ) k connecting da in the tree of graphs G rp (see 
Lemma fll.lOj) . By Lemma fll.lll 

W(C(a)) < 0(i^)*F| 

k 

If D r k p G T> rp \ T>( r ~^ p then F rp maps D r k p onto some disk Dj with degree at most 2. Hence 

(F rp )*Y\ D r k p < 2Y\ Dj. 
Since by Lemma l4.8| there are at least 2 r ~ 1 such disks, we have: 

®(F*n\D?<-Lmax(Y\D s ). 
k z 3 

Putting the above estimates together, we obtain the desired. □ 
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6.3. Loss of the horizontal weight. Recall now the WAD's X n = X n — q n from Hb.'dl By 
Lemma \4. 21 they can be viewed as WAD's of the superattracting model F. We will keep the 
same notation for these diagrams. 

Lemma 6.4. Let p be the period of under F. Then 

\\X 10p \\i < j\\X\\v 

Proof. By Corollary 15.51 the WAD's X n are aligned with the Hubbard tree H for n > 3p. 
By Proposition O(h), (F 6p )*X Ap -o X 10p . Hence by Lemma IO 

X l0p (a) < —mextX^lDA 
16 j 

By Lemma IO (X 4p \ Dj) < 2(X 3p \ D k ) for any two disks D 3 and D k . Hence 

max(X 4p | DA < -llX^lli < -||X|||i, 
p p 

where the last estimate comes from Proposition I5.2f i). 

Putting the above estimates together and summing it up over all a G suppA 10p (taking 
into account that suppA 10p contains at most at most 3p arcs), we obtain: 



IX^KhxlD^. 



□ 



Let us now go back to the original map /. The following result shows that after an 
appropriate restriction of the domain of /, there is a definite loss of the horizontal weight of 
the associated canonical WAD. 

Corollary 6.5. Let f be a renormalizable ijj-ql map with period p. Then there exists M = 
M(p) such that 

Ww^iir* ^£)\\i< \WL(V n )C)\\i, 

provided \\W^ Q {U \ /C)||i > M(p). 
Proof. The last lemma immediately yields 

\\w^(v^ ^ jq\u < \\\wUv^mi + ap<top, 

which implies the desired. □ 

Combining this with Lemma f5. 11 we obtain: 

Corollary 6.6. Let f be a renormalizable ip-ql map with period p. Then there exists M = 
M(p) such that 

\\WUU Wp v K)\U > \\\W:+\\J x JC)\U, 
provided \\W^ n {U \ JC)\\x > M(p). 
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7. Push-forward Argument 



7.1. Quasi- Additivity Law. In this section we will formulate the main result of |KLlj . 
Let (3i(U) stand for the Betti numbers of a Riemann surface U. We call the number 

{(3q + (3\)(U) the topological complexity of U. 

We say that a compact subset K in a Riemann surface 5 has a finite type if it is the inter- 
section of a nest of compact Riemann subsurfaces (with boundary) [/, of bounded complexity 
Connected compact sets of finite type will be also called islands. 

Let Aj (j = 1, . . . , N) be a finite family of disjoint islands in S. There are 3 conformal 
moduli associated with such a family: 

JV 

X = W(S, \JA S ); 
i=i 

(7.i) y = £w(SM 

JV 

Z = ^2w(S^\jA k , A,). 

3=1 k^j 

It is easy to see that X < Y < Z . We say that the islands Aj are ^-separated if Z < £Y. 
The following Quasi-Additivity Law tells us that in a near degenerate situation (when Y is 
big), under the separation assumption, the moduli X and Y are comparable: 

Quasi-Additivity Law. |KLlj . Assume that the islands Aj <e int S are ^-separated. Then 
there exists M depending only on £ and the topological complexity of the family of islands 
such that: 

IfY > M then Y < C^X, where C is an absolute constant. 

7.2. Covering Lemma. We will now give a version of the Covering Lemma of |KLlj suitable 
for our purposes. 

Covering Lemma. For any natural numbers p,D > d and any £ > 0, there exists a L = 
L(p, D, rf) with the following property. Let U and U' be two topological disks, and let (Kj)^ =1 
and {K'j) p - =1 be two families of disjoint FJ-setsets in U and U' respectively. Let f: (U, UKj) — > 
(V, UK'j) be a branched covering with critical values in UK'j such that deg(/: U — > U') = D, 
Kj is a component of and deg(/: Kj —> K'j) < d, j — 1, . . . ,p. Let (X, Y, Z) and 

(X', Y', Z') stand for the associated conformal moduli. Assume 

\\W v+h (U' ^UK^Wi <£Y 

(the collar assumption). IfY > L then 

X < C£d 2 X', 

where C is an absolute constant. 

Proof. Let E C U' be the set of critical values of /, Then there exists a Galois branched 
covering g: S — > U' of degree at most D\ with critical values in E that factors through /, 
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i.e., g — f oh, where h: S — > U is also a Galois branched covering (see e.g., Proposition 3.1 
of |KLlj ). Let T be the group of deck transformations of the covering g. 

Let Aj C S be the connected components of <7 _1 (K!), j = l,...,p, labeled in such a 
way that Aj = Aj satisfies: h(A^) = Kj- For a given j, these components are transitively 
permuted by T. 

We now let X, y and Z be the moduli associated with the family of isles Aj in S. By 
Lemma 110.51 from the Appendix, we have: 

(7.2) X = \T\X'. 

Let dj = deg(f: Kj — > Kj), rrij = deg(/i: Aj — > Kj). Then the stabilizer of Aj consists 
of djirij points, and hence the T-orbit of Aj consists of \T\/djrrij islands Aj. Since for any 
j = 1, . . . ,p, the family of islands A^ is symmetric in S, we have: 



(7.3) y = T,^\ T \ w ^ A ^^i\ T \Jl w ^ K ^ = i\ T \ 



dirrij d ^— ' d 

3 j 



Y. 



where the middle inequality follows from Lemma fl 0.41 

Let us estimate Z. Let Z 1 ^ stand for the extremal width between the island A 1 - and the 
rest of the boundary of S \ UA l k . These widths are realized by the harmonic foliations JF* 
connecting Aj to the rest of the boundary (see ^10.31 of Appendix [TUj) . Hence the Zj are 
given by the I r norms of the associated valid WAD's Wj. Now Properties A an B of the 
canonical WAD's imply: 



z = 5>; = Mil < W w ^\s x |J4)lli + 6|r 

k,l 



2 



(7.4) =|r|||H/;+ h (f/ / xu^)|| 1 + 6|r| 2 . 

(Here 3|T| 2 is a rough estimate on the number of arcs in U supp Wj). 

Putting ()7.3|) and ()7.4|) together with the Collar Assumption, we obtain the separation 
property for the family of archipelagos Aj (assuming that Y > 6D\/£): 

Z < £\T\ Y + 6|r| 2 < 2^|r|F < 2£dy. 

We are now in the position to apply the Quasi- Additivity Law. Together with ()7.2|) and 
()7.3|) . it implies the desired estimate: 

-|r|x < -|r|y < y < 2C£dx = 2C& \r\x'. 



d d 



□ 



7.3. Vertical foliation has a definite weight. We can now prove the main technical 
result asserting that the vertical foliation constitutes a definite proportion of the canonical 
foliation. 

Lemma 7.1. Let f:XJ^XJbe primitively renormalizable ip-ql map with period p, and let K, 
be its cycle of little Julia sets. Then there exists M = M(p) such that: If || W / c ^ L ll (XJ \ /C) || i > 
M then 

||H/; an (u x /c)||i > c-'ww^iv x jc)\u, 

with an absolute constant C > 0. 
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Proof. If HM^canlU \ /C)||i > HH^canlU \ there is nothing to prove. So, we assume that 

the opposite inequality holds, and then 

\\WUV^lC)\\i>l\\W^ h (V^)C)\\i- 
Then taking M = M(p) as in Corollary 16.61 we conclude that 

(7-5) ll^c V an (U 10p x /Q||i > ±\\W:+\\J x jq\\ lt 

provided ||VF can (U \ /C)||i > 2M. 

We would like to apply the Covering Lemma to the branched covering f 10 ?; (U 10p , /C) — » 
(U, K). Note that D = deg(/ 10p : U 10p -»• U) = 2 10 p depends on p, while d = deg(/ 10p : K -> 
/C) = 2 10 is absolute. By property A of the canonical WAD's, the moduli of the Covering 
Lemma get the following meaning: 

X = WUV Wp x K) + C(p), X' = WUV x K) + C(p), 

where C(p) stand for different constants depending only on p. 
If WcanCU \ K) > M{p) then estimate (I73|l gives us: 

Y>X>\\\W^U\J^K)-C(j>), 

which provides us with both the Separation Assumption (with, say, £ = 4) and the assump- 
tion Y > L(p), where L(p) is prescribed by the Covering Lemma. Applying the Covering 
Lemma, we obtain 

IKUUx/qii! > (cvriH^u^x/qik 

with an absolute constant C. Together with (|7.5jl . this implies the desired estimate. □ 
8. From the canonical WAD's to hyperbolic geometry 

In this section we will describe how to measure the geometry of a surface using transverse 
geodesic arcs. We will then show how to compute the lengths of peripheral closed geodesies 
of the surface using these measurements. Finally, we will show that our new measurements 
are just the canonical WAD in disguise. 

Suppose T is a compact hyperbolic surface with geodesic boundary. The following lemma 
appears as the Corollary to section 3.3 of |Abj : 

Lemma 8.1. There is an eo > such that any two distinct closed geodesies on T of length 
at most eo are simple and disjoint. 

Let S be a compact hyperbolic surface with geodesic boundary. Then a transverse geodesic 
arc for S is a proper path of minimal length in its proper homotopy class. If at is a path on 
S, it is a transverse geodesic arc if and only if it is a geodesic arc that meets dS orthogonally, 
or, equivalently, the double of a U a in S U S is a closed geodesic. 

Let S be a compact Riemann surface with boundary, and endow Int S with its Poincare 
metric. The peripheral geodesies on Int S bound a compact surface S with geodesic bound- 
ary, called the convex core of S. There is a homeomorphism h: S — >• S that is isotopic 
through embeddings to the inclusion S C S. We can then form a weighted arc diagram 
M on S as follows: for a G A(S), we find the transverse geodesic arc et for S such that 
h(a) ~ a. Then we let M s (a) = — logL(a) if L(a) < e /2, and M s (a) = otherwise. 
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Then M s is supported on a set of disjoint arcs, so is a weighted arc-diagram for S. We 
let M s = |J{o; : L(a) < e /2}, so M s C S is the union of the short transverse geodesic 
arcs of S. 

We will call a non-peripheral simple closed geodesic a dividing geodesic. The following 
result appears in 



Lemma 8.2. Let T be a compact hyperbolic Riemann surface with bounded-length geodesic 
boundary. Then either T is a pair of pants, or there is a bounded-length dividing geodesic on 
T. 

We say that a hyperbolic surface T is symmetric if it admits an isometric orientation- 
reversing involution, which we will denote by complex conjugation: u z i— > 2". Then we let 
Et = {z G T : z = z} , and Et will be a union of (simple) closed geodesies and transverse 
geodesic arcs. {Et depends implicitly on on the choice of involution. Whenever we say 
"symmetric hyperbolic surface" we will mean "symmetric hyperbolic surface and choice of 
involution.") Note that T \ Et has two components, call them At and At, which are 
mapped to each other by z i— > z. We prove a symmetric version of Lemma 18.21 

Lemma 8.3. Every symmetric compact hyperbolic surface T with 
bounded-length geodesic boundary has a bounded-length symmetric pair of pants de- 
composition. 

Proof. It suffices to find a single bounded-length symmetric dividing geodesic on the surface, 
or a symmetric pair of disjoint bounded-length dividing geodesies, because then we can cut 
the surface T along that geodesic or pair of geodesies, and repeat. 

By Theorem 18.21 unless T is a pair of pants, there is a dividing geodesic 7 of bounded 
length on T. If 7 n Et = 0, then 7 fl 7 = 0, and we are done. Likewise, if 7 C Et, then 7 is 
symmetric, and we are done. Otherwise, let rj be a component of 7 fl CI At- Then rj U rj is a 
non-trivial non-peripheral simple closed curve so we let r be the dividing geodesic homotopic 
to 77. Then L(r) < 2L{ji) < 2L(j), so r is the desired object. □ 

We now prove two basic estimates on transverse geodesic arcs on pairs of pants. We denote 
by [x, y, z, r, s, t] the right-angled hyperbolic hexagon with lengths x, y, z, r, s, t in that order. 
We will omit lengths that are not specified, so for example [a, , b, , c, } denotes the right-angled 
hexagon with alternating side lengths a, b, and c. We first estimate the length of one side in 
a hyperbolic right-angled hexagon, in terms of the lengths of three alternating sides: 

Lemma 8.4. Let [a, d , b, , c, , ] be a hyperbolic right-angled hexagon, and suppose that a,b,c < 
r. Then d = — log a — log 6 + 0(1; r). 10 

Proof. We use the formula (from jFj): 

, N , , cosh c + cosh a cosh b nn , 1 

(8.1) coshc = — = e K,T > — 

sinh a sinh ab 

and recall that cosh -1 x = logx + 0(1; t) whenever x > t > 0. □ 

We let Via, b, d) denote the pair of pants with cuff lengths a, b, and c. 
Lemma 8.5. We have the following two estimates: 



Notation 0(l;r) stands for a quantity bounded in terms of r. 
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(1) If P — V(a, b, c) is a pair of pants, and 7 is the transverse geodesic arc that connects 
a and 6, then 

| 7 | = -logo -logfe + 0(1), 

for a,b,c < C . 

(2) If 7 is the transverse geodesic arc that connects a and a in P(a, b, b), then 

| 7 | = -21oga + 0(l) 

for a,b < Co. 

Proof. We prove each of the above: 

(1) We cut P along the three pairwise transversals into two right-angled hexagons. By 
formula (|8.1j) these hexagons are equal, and hence each has type [a/2, 7, 6/2, , c/2, ]. 
Apply now Lemma f8 .41 

(2) We let rj be the transversal from the length a cuff to one other. Then we cut along r] 
and 7 to obtain the right-angled hexagon [a/4, 7, a/4, 77, 6, 77], and then apply Lemma 

□ 

Given a closed geodesic 7 and an arc aei, let (7, a) stand for the intersection number 
of 7 with a, i.e., the minimal number of intersections of 7 with the paths representing 
a. Given a weighted arc diagram W = ^2 W(a)a, we can define the intersection number 
(7, W) = ^2 W(a) (7, a) by linearity. 

Theorem 8.6. Let S be a compact Riemann surface with boundary, and endow Int S with 
its Poincare metric. Suppose that 7 is a peripheral closed geodesic for S. Then 

L(7)=2<M 5 ,7) + 0(1; X (S)). 
Proof. We let S be the convex core of S. We find a symmetric bounded-length pair of pants 

Q ~ S 

decomposition for S U S extending M U M . Then we can write 7 = IJtj, where the 
segments ti are interior-disjoint, and each is a transverse arc of one of the pairs of pants. 
Then L(tj) = — loga^ — logfej + 0(1), where a^ and bi are the lengths of the cuffs that 7 
connects (possibly the same cuff). Therefore 

L( 7 ) = 2^-loga 4 + 0(l) 

where the a; are the lengths of the cuffs that 7 crosses, counted with multiplicity. But 

(8.2) 2 ^ - log a, = 2 <M S , 7) + 0(1). 

□ 

We can now relate M s to W^ an via the following: 

Lemma 8.7. Let Q be a quadrilateral with horizontal sides I\ and I2, endowed with the 
hyperbolic metric. Let Ti and T 2 be the hyperbolic geodesies in U that share the endpoints 
with I\ and I2 respectively. Then 

w(Q) = --io g dist(r 1 ,r 2 ) + o(i). 

7T 
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Proof. We can map Q conformally to the infinite strip 

n = {z : < $z < vr} 

such that Ti and r 2 map to vertical transverse segments with real part and d respectively, 
where d = dist(ri,r 2 ). Then the vertical sides of Q map to J\ = [0,d] x {0} and J 2 = 
[0, d] x {n}. Then W(Q) is equal to £(0), where G is the family of paths in II connecting J\ 
and J 2 . By two applications of the reflection principle (see |A2j ) . we find that £(0) = 4C(0'), 
where 0' is the family of paths connecting J-y to the boundary of II' = {z : \$sz\ < vr/2}. By 
the round annulus theorem |McM2j 

£{&) = ^ log ^ + 0(1) = -±- log d + 0(1) 
when d is bounded above. The theorem follows. □ 

We can make the following corollary: 
Lemma 8.8. For any arc a G A(S), 

\W c s an (a)--M s (a)\<C . 

71 

Proof. Given a, let us consider a lift a to the universal cover. It connects two arcs I\, 
I 2 on the circle that cover the boundary curves of S that the endpoints of a lie on. We 
can lift h: S —* S to h: R — > D, where R is the convex hull of the limit set of the deck 
transformation group. Then letting r 1; T 2 connect the endpoints of Ji, I2 respectively, we 
find that the transverse geodesic arc cx lifts to the common perpendicular segment to I\ and 
T 2 . So dist(r!,r 2 ) = L(a), and the Lemma follows from Lemma f8. 71 □ 

Then the main result for this section follows immediately from the above and Theorem 
EB 

Corollary 8.9. Let S be a compact Riemann surface with boundary, and endow Int S with 
its Poincare metric. Let 7 be a peripheral closed geodesic in Int S. Then 

L( 1 )=7T(W can (S) ll } + 0(l; X (S)). 

9. Improving of the moduli 

We are now ready to show that the modulus of a V'-quadratic-like map is improving under 
the renormalization. 

Let /: U — > U be a ^-quadratic-like map with filled Julia set K. The simple closed 
geodesic 7 in the annulus U \ K is called the geodesic associated with f. Let I7I stand for 
its hyperbolic length in U \ K. 

Theorem 9.1. For any A > 1, there exists p such that for any p > p, there exists L(p) 
with the following property. Let f:\J^XJbe primitively renormalizable ip- quadratic-like 
map with period p such that p < p < p. Let 7 and 7' be the geodesies associated with f and 
f = Rf respectively. Then: 

|7 ; | > L(p) =^ |7| > A|7'|. 
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Proof. Let K' be the filled Julia set of /', K] = f j (K'), j = 0, 1 . . . ,p - 1, and K! = UK'j. 
Let 7^ be the peripheral simple closed geodesies in U \ KJ going around K'-, and let Y be 
peripheral closed geodesic in U \ K! homotopic to dXJ. We let W ca _ n = W can (XJ \ KJ). 

The geodesic V intersects each vertical arc once and does not intersect horizontal arcs. By 
Corollary EH 

(9.i) |r|>c||W7 an || 1 + o(i). 

Let W c&n \ j be the part of Wean supported on the arcs landing at Kj. The geodesic 7'- does 
not intersect W can — W caull \ j and intersects each arc of supp W can | j once. By Corollary 18.91 

(9-2) |7^l =c||W C an|j||l + 0(l). 

But by the Schwarz Lemma, the geodesies 7^ have comparable lengths (see |McMH Theorem 
9.3]): 

< Wj\ < It'I- 

Putting this together with (|9.2|) . we see that all the || W can | j\\i are also comparable, provided 
|7ol is sufficiently big (bigger than some absolute Lq). Hence 

Iiw^^lli^-Hw^ii, 

P 

and together with (|9.2j) . we obtain: 

lYol^Pfflli- 

But by Lemma 1711 HWcanUi is comparable with HW^JIi, so that, 

l7ol < ^ll^canlll, 

provided ||W c v a + h ||i > M(p). Together with (|9.1|) . this implies that 

\i' \<\n 

provided p > 2C/c, \\W£^\\i > M(p), and |7q| is bigger than some absolute L . But in view 
of (J9.2j) . the last two conditions are satisfied if |7q| > L(p). 

What is left is to notice is that |7q| = |7o|, while by the Schwarz Lemma, |T| < I7I (since 
KDK'). □ 

Corollary 9.2. Let f be an infinitely renormalizableip -quadratic-like map of r -bounded prim- 
itive type. Let 7 n be the hyperbolic geodesies associated with the canonical renormalizations 
off. Then 

\ln\ < K(r). 

Proof. Below p and L(p) come from Lemma f9. 11 Let f n be the canonical ip-q\. renormaliza- 
tions of /. 

Take a natural number k such that 2 k > p, and let p = r k . Let us show that limsup |7 n | < 
L = L(p). Indeed, otherwise, there would be a sequence n(i) —> 00 such that |7 n (i)| > L. 

The map f n ^ is the primitive pj-renormalization of f n ^-k) with period pi G [p,p]. By 
Theorem 19. 1[ 

\ln{i-k)\ > 2|7 n (i)|. 
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Iterating this estimate backwards, we conclude that \^ m \ > 2^ k 1 L for some level m = 
m(i) < k, which is certainly impossible. □ 

Corollary 9.3. Let f be an infinitely renormalizable ip- quadratic-like map of r-bounded 
primitive type. Then there is a sequence of quadratic-like renormalizations f n : U n — > V n with 

liminf mod(V n \ U n ) > e(r) > 0. 

Proof. Let /„: (U n , K n ) — > (U n , K n ) be, as above, the canonical ^-ql renormalizations of / 
with associated geodesies 7 n . Then 

7T 

mod(U n \ K n ) = - — f , 

\jn\ 

so that, by the previous corollary, liminf mod(U n \ K n ) > njKir). By Lemma l2.4[ the 
maps f n admit quadratic-like restrictions U n — > V n with the desired property □ 

And this completes the proof of the Main Theorem. 

10. Appendix A: Extremal length and width 

There is a worth of sources containing background material on extremal length, see, e.g., 
the book of Ahlfors |Alj . We will briefly summarize the necessary minimum (see also the 
Appendix of JEHU)- 

10.1. Definitions. Let Q be a family of curves on a Riemann surface U . Given a (measur- 
able) conformal metric fi = fi(z)\dz\ on U, let 

fj,(G) = inf /i( 7 ). 

where /i(7) stands for the /i-length of 7. The length of Q with respect to ji is defined as 

r (c\ ^ 

where area^ is an area form of /1. Taking the supremum over all conformal metrics fi, we 
obtain the extremal length C{Q) of the family Q. 

The extremal width is the inverse of the extremal length: 

W(G) = C~\G). 

It can be also defined as follows. Consider all conformal metrics \x such that ^(7) > 1 for 
any 7 G Then W(G) is the infimum of the areas area A1 (f/) of all such metrics. 

10.2. Electric circuits laws. We say that a family Q of curves overflows a family Q 1 if any 
curve of Q contains some curve of Q . Let us say that Q disjointly overflows two families, Q\ 
and Q 2 , if any curve of 7 G Q contains the disjoint union jx U 72 of two curves 7, G Hi. 

The following crucial properties of the extremal length and width show that the former 
behaves like the resistance in electric circuits, while the latter behaves like conductance. 

Series Law. Let Q be a family of curves that disjointly overflows two other families, Q\ and 
Q 2 . Then 

or equivalently, 

W(G) < W(0i)0W(0 2 ). 
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Parallel Law. For any two families Q\ and g 2 of curves we have: 



If Qi and Q 2 are contained in two disjoint open sets, then 

u g 2 ) = w{Q x ) + w(g 2 ) 

10.3. Transformation rules. Both extremal length and extremal width are conformal in- 
variants. More generally, we have: 

Lemma 10.1. Let f\U^Vbea holomorphic map between two Riemann surfaces, and let 
g be a family of curves on U . Then 

c(f(G)) > c(g). 

See Lemma 4.1 of |KLlj for a proof. 

Corollary 10.2. Under the circumstances of the previous lemma, let Ti be a family of curves 
in V satisfying the following lifting property: any curve 7 G Ti. contains an arc that lifts to 
some curve in g. Then C(Ti) > £(£?)• 

Proof. The lifting property means that the family Ti overflows the family /((/). Hence 
C{Ti) > C(f(g)), and the conclusion follows. □ 

Corollary 10.3. Let Q and Q' be two quadrilaterals, and let e:Q — > Q' be a holomorphic 
map that maps the horizontal sides of Q to the horizontal sides of Q' . Then W(Q) < W(Q / ). 

Proof. Let g (resp. g') be the family of horizontal curves in Q (resp., in Q'). Since the 
horizontal sides of Q are mapped to the horizontal sides of Q', these families satisfy the 
lifting property of the previous Corollary. Hence C(g) < C(g'), and we are done. □ 

Lemma 10.4. Let f:U^V be a branched covering between two compact Riemann surfaces 
with boundary. Let A be an archipelago in U, B = f(A), and assume that f:A^Bisa 
branched covering of degree d. Then 

mod(F,B) > d mod{U,A). 

See Lemma 4.3 of |KLlj for a proof. 

Given two compact subsets A and B in a Riemann surface S, let Ws(A, B) stand for the 
extremal width between them, i.e., the extremal width of the family of curves connecting A 
to B. 

Lemma 10.5. Let S and S' be two compact Riemann surfaces with boundary, and let 
f: S — > S' be a branched covering of degree D. Let S' = A' U B' , where A' and B' are closed, 
and let A = B = f~ l (B'). Then 

W S (A,B) =DW(A',B'). 

See |Alj for a proof. It makes use of the fact that the extremal width W(A, B) is achieved 
on the harmonic foliation T = J~s(A, B) connecting A and B, i.e., the gradient foliation of 
the harmonic function u vanishing on and equal to 1 on B. Hence Ws(A, B) is equal to 
the Zi-norm of the associated WAD W?. 
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10.4. Non-Intersection Principle. The following important principle says that two wide 
quadrilaterals cannot go non-trivially one across the other: 

Lemma 10.6. Let us consider two quadrilaterals, Q\ and Q2, endowed with the vertical 
foliations T\ and Ti- IfW(Qi) > 1 then 

• either there exists a pair of disjoint leaves 7$ of the foliations Ti; 

• or W(Qi) = W(Q2) — 1; an d the rectangles perfectly match in the sense that the vertical 
sides of one of them coincide with the horizontal sides of the other. 

Proof. Assume that the first option is violated, so that, every leaf of T\ crosses every leaf of 
JF 2 . Let us uniformize our rectangles by standard rectangles, 4>f Q(<k) ~^ Qi, where Qj > 1. 
Let Aj be the Euclidean metrics on the Q(eij), and let /ij = (<^i)*(A$). Since every vertical 
leave 7 of Q2 crosses every vertical leaf of Qi, ^1(7) > a%. Hence a<i = W(Q2) < ^/ a i, which 
implies that a\ = a 2 = 1. Thus, both Q(aj) = Q are the squares. 

Moreover, \x\ must be the extremal metric for JF 2 . Since the extremal metric is unique (up 
to scaling), we conclude that \l\ = fi2- Hence 02 1 o Q — > Q is the isometry of the square, 
and the conclusion follows. □ 

11. Appendix B: Elements of electric engineering 

11.1. Potentials, currents and conductances. Electric circuit C is 

• A connected graph T with two marked vertices (battery). We let £ = S(T) be the set 
of edges of V, V — V(T) be the set of its vertices, and B = {a, b} C V be the battery. 

• A conductance vector W = Ylie&s ^( e ) e ; where W(e) > for all e G S. 

The edges of T are interpreted as resistors of the circuit with conductances W(e). The 

inverse numbers R(e) = W(e)~ l as their resistances. 

We write x ~ y for two neighboring vertices of T. The vertices of V \ B will also be called 

internal. If we forget the battery B, we call the circuit "unplugged" . 
A potential distribution on C is a function U: V — *■ US- 
Let S* stand for the set of all possible oriented edges S. An oriented edge e* can be written 

as [x, y] where x, y are its endpoints ordered according to the orientation of e. We also write 

— e* for the edge e* with the opposite orientation. 

A current on C is an odd function /: £ * — > M, i.e., 7(— e*) = — 7(e*). 
A potential U induces potential differences 

dU[x,y} = U(y)-U(x) 

on the oriented edges of V (negative coboundary of U). It forces current 

I(e*) = -W(e)dUe\ e* e £*, 

to run through the resistors. The energy E(e) of this current is equal to 7(e) dU(e) = 
W(e) (dU(e)) 2 (note that it is independent of the orientation of e), so that, the total energy 
of this potential distribution is equal to 

E = E(U)=Y,W(e) (dU(e)f. 
The quantity U = U(a) — U (b) is called the battery potential. 
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11.2. Equilibrium. Let us define the boundary of the current I as the following function 
on the vertices: 

We say that the potential distribution is in equilibrium, U eq , if the current is conserved, i.e., 
dl = on V \ B. (In other words, a conserved current is a relative 1-cycle on (T, £>)). It is 
equivalent to saying that the potential U is 'W-harmonic" on T \ B. 

We say that a potential distribution U is normalized if U(a) = 1, U(b) = 0. 

Lemma 11.1. There exists a unique normalized equilibrium potential distribution on C. This 
distribution is energy minimizing. 

Proof. The restriction of the energy function E to the affine subspace 

A = {Ue M. ]£l : U(a) = 1, U{b) = 0} 

is a positive quadratic function. One can easily check that E(U) — > +oo as U — > oo, U E A, 
so that, U has a global minimum U eq on A. Moreover, E is strictly convex, an hence can 
have at most one critical point. Hence U eq is the only critical point of U on A. Finally the 
criticality condition gives exactly the conservation law for the corresponding current. □ 

Remark 1. Since the energy function E(U) depends only on the potential differences, it 
is invariant under translations U i— > U + tl, t G R, where 1 = 1. Thus, we can always 
normalize U so that U(b) = 0. Since E(U) is homogeneous of order 2 in U, normalization 
U = A would replace the equilibrium distribution U eq by U^ q = XU eq . Then the equilibrium 
current would scale proportionally: 7g = XI eq . 

Remark 2. The above lemma is just a solution of the Dirichlet boundary problem by 
minimizing the Dirichlet integral. 



Lemma 11.2. For the equilibrium current I eq , we have dl eq (a) = —dl eq (b). 
Proof. We have: 

= 7 ^( e *) = E dI e g (x) = dl eq (a) + dl eq (b), 

where the first equality is valid since I is odd, the second is a rearrangement of terms, and 
the last one comes from the conservation law. □ 

The total equilibrium current of the circuit C with battery potential U = A is defined as 
I = I^ q {a) = —I*(b). It depends linearly on the battery potential, so we can define the total 
conductance of C as 

W = W(C) = I. 

The total Resistance of the circuit is the inverse quantity: R = 1/W. 
Let E = E(Ue ) stand for the equilibrium energy of the circuit. 

Lemma 11.3. At the normalized equilibrium, we have: E = W. 

34 



Proof. Let Aq = {U G R' f ' : U{b) — 0} = Then the equilibrium state is the critical 

point of the quadratic form E(U) = (QU, U) on Aq subject of the restriction U(a) = 1 (here 
Q is the matrix of E\Ao). By the Lagrange multipliers method, this stationary point satisfies 
the equation 

where V is a basic vector in B) £ \ 1 with V(a) = 1, V(x) = for x E V \ B. From here we 
conclude: 

(i) 2E(U) = 2(QU, U) = X(V, U) = XU(a) = A; 

But 

and we are done. □ 

Remark. So, in the normalized situation (when U = 1), we have 
(11.1) E = I = W. 

Since I is proportional to U, E quadratically depends on U, and W is independent of U, 
we obtain by scaling the following physically obvious formulas: 

E = U I, W=— . 

11.3. Series and Parallel Laws. Given two circuits C\ and C%, we can put them in series, 
that is, to match the terminal battery pole of C\ to the initial battery pole of and to 
declare the "free" battery poles a new battery of this "connected sum" . More formally, let 
Bi = {dj, bi] be the battery of C% = (Vi, Wi). Then we let C — C\ U a2 =b 1 C2 with the battery 
{a±, 62} and the conductance vector: W = W\ + Wi- (direct sum). 

Lemma 11.4 (Series law). If C is a series of two circuits C\ and C 2 with conductances W ; 
W[ and W 2 respectively, then 

W = Wi © w 2 . 

Proof. Let us consider the equilibrium state (U, I) of the circuit C. Then the conservation 
law is valid for both sub-circuits C\ and C 2 , so that they are both in the equilibrium state, 
with the battery potentials Ui = 1 — 17(c) and U 2 = 17(c), where c = b\ = a 2 . Let Ij be the 
corresponding equilibrium currents through the Cj. By the current conservation at vertex c, 
Ii = I 2 . In fact, Ii = dl(ai) = I and I 2 = —dl(b 2 ) = I. Hence 

1 Ui 1 _ U 2 
Wi I ' W 2 I 

Summing these up, we obtain the desired. □ 

Given two circuits as above, we can also put them in parallel, that is, to identify the two 
pairs of poles as follows: a\ ~ a 2 , b\ ~ b 2 . 

Lemma 11.5 (Parallel Law). If C is a parallel of two circuits C\ and C 2 as above, then 

W = Wi + w 2 . 
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11.4. Quotients. Let us have a finite family of electric circuits Ci based on graphs Tj with 
batteries Bi = {ai,bi} and conductance vectors Wj. Let us identify certain vertices of the 
disjoint union Ul^ so that the batteries of different Cj's get identified (a; = a,-, bi = bj) and 
no internal vertices get identified with a battery vertex. If in the quotient graph there are 
several edges G Si = £(Ti) connecting the same pair of vertices, let us identify those 
edges, too. We obtain a graph V. For the edge e of £ = 8 (r) obtained this way, let 

ey~e 

In this way we obtain a new electric circuit C = (T, B, W) called a quotient of U Ci. 
Let W = W(C), Wi = W(Ci). 

Lemma 11.6. 7/C a quotient ofUCi then W > Wj. 

Proof. Let C/ be the normalized equilibrium potential for C 
By Lemma fl 1.31 its energy £7(C/) is equal to W. 

The potential U lifts to normalized potentials Ui for the circuits Cj's. By the same lemma, 
Wi < E(Ui). On the other hand, 

Putting these pieces together, we obtain the desired inequality. □ 

Remark 11.1. The above inequality has a clear physical meaning: taking a quotient of a 
circuit gives more choices for the current to flow, which increases total conductance. 

The following arithmetic inequality can be proven by interpreting it in terms of electric 
circuits: 

Lemma 11.7. Let us consider finite sets of positive numbers Wi and v^, 1 < i,j < n, such 
that Wi < ®jVij. Let w = J^Wi and Vj = u^-. Then w < ®Vj. 

Proof. Let us consider resistors Vij with conductances %. Let Ci be an electric circuit 
obtained by plugging the resistors Vij in series. Then 

W(Ci) = 0%>™<. 

3 

Let us also consider the quotient C of UCj obtained by identifying the endpoints of the 
resistors Vy with the same j. In other words, we plug the V^-'s with the same j in parallel 
obtaining circuits Vj, and then plug the V$'s in series. Then 

W(C) = 0W(V i ) = ©« i . 

By the previous lemma, W(Cj) < W(C), which boils down to the desired estimate. □ 

Remark 11.2. So, the signs of ordinary and harmonic sums can be interchanged following 
the rule: 

E0%^0E%- 

» i i * 
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11.5. Local conductances. Given a vertex x G V(T), we let 

W\x = J2w[x,y], 

and call it the local conductance at x. 
Lemma 11.8. We have: W < min(W|a, W\b). 

Proof. By the Maximum Principle for harmonic functions, < U eq (x) < 1 for any x G T. 
Hence |J eg (e*)| < W(e) for any e* G £* . Together with (jll.ljl . this implies: 

W = I = '^2l eq [x,a] < W\a, 

x^a 

and similarly for W\b. □ 

11.6. Domination. Let us consider two unplugged electric circuits C = (T,W) and C = 
(F, W) such that: 

• T' is obtained from V by replacing edges e G S(T) with some graphs r'(e); 

• Letting C'(e) be the restriction of C to r'(e) with battery de, we have: W(C(e)) > W(e) 
for any e G S(T). 

Under these circumstances we say that C dominates C, C — o C. 
Lemma 11.9. If C —° C then W'\x > W\x for any x G V(T). 
Proof. Indeed, by Lemma fl 1.81 we have: 

w'\x = w '( e> ) ^ w ( c '( e )) ^ w ( e "> = w \ x > 

de'^x deBx deBx 

where the summation is taken over e G £(T), e' £ □ 

11.7. Trees of complete graphs. In this section we will consider a special class of elec- 
tric circuits based on trees of complete graphs (TCG). A TCG is an object that can be 
constructed inductively by the following rules: 

• Any complete graph is a TCG; 

• If T, I"" are TCG's, v G V(T), v' G V(r'), then T U r' is a tree of complete graphs as well. 

v=v' 

A TCG is called an interval of complete graphs if any complete graph involved has a 
common vertex with at most two other complete graphs, and now three complete graphs 
have a common vertex. 

Given three vertices x, y, z in a graph T, we say that a vertex y separates x from z if x 
and z belong to different components of V \ {y}. 

We say that a sequence of vertices (xq, x±, . . . , x^) form a chain in F if Xi separates 
from Xi+i for each % — 1, . . . , d — 1. Let SS(x, y) stand for the set of vertices separating x 
from y. 

The reader can entertain himself by verifying the following fact: 

Lemma 11.10. Let T be a TCG. Then for any two vertices x, y G V(T), the set SS(x,y) U 
{x, y} can be uniquely ordered to form a chain (x = Xq,Xi, . . . ,xa = y). Moreover, for any 
% — 0, . . . , d — 1, the vertices Xj and Xi + i belong to the same complete graph Tun, and these 
graphs form an interval of complete graphs. 
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We call it "the chain connecting x to y" , and we let dr{x,y) = d. 



Lemma 11.11. Let us consider an electric circuit C based on a tree of complete graphs, and 

let (a = xq, Xi, . . . , Xd = b) be the chain connecting the poles of the battery. Then 

d ^ 

W < £P) W\xi < — — -, — —r maxW \x. 
~ys 1 d r (a,b) *er 1 

i=l ' 

Proof. The second inequality is trivial, so we only need to prove the first one. 

Let Gi be the component of Y \ {xi,Xi + i} containing the edge (xi,Xi+i). Let d be the 
restriction of the electric circuit C to Gi U {xi,Xi + \} with battery {xi,Xi + \}. By the Series 
Law and Lemma fll.81 

d d 

W<0W(Ci)<0% 

i=l i=l 

□ 
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